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We investigate the strain energy density of the spacetime continuum in the Elasto-
dynamics of the Spacetime Continuum by applying continuum mechanical results to
strained spacetime. The strain energy density is a scalar. We ﬁnd that it is separated
into two terms: the ﬁrst one expresses the dilatation energy density (the “mass” longitu-
dinal term) while the second one expresses the distortion energy density (the “massless”
transverse term). The quadratic structure of the energy relation of Special Relativity is
found to be present in the theory. In addition, we ﬁnd that the kinetic energy pc is car-
ried by the distortion part of the deformation, while the dilatation part carries only the
rest-mass energy. The strain energy density of the electromagnetic energy-momentum
stress tensor is calculated. The dilatation energy density (the rest-mass energy density
of the photon) is found to be 0 as expected. The transverse distortion energy density
is found to include a longitudinal electromagnetic energy ﬂux term, from the Poynting
vector, that is massless as it is due to distortion, not dilatation, of the spacetime con-
tinuum. However, because this energy ﬂux is along the direction of propagation (i.e.
longitudinal), it gives rise to the particle aspect of the electromagnetic ﬁeld, the photon.
1 Introduction
TheElastodynamicsoftheSpacetimeContinuum(STCED)is
based onthe applicationof a continuummechanicalapproach
to the analysis of the spacetime continuum [1–3]. The ap-
plied stresses from the energy-momentumstress tensor result
instrains in, andthedeformationof,the spacetimecontinuum
(STC).Inthispaper,weexploretheresultingstrainenergyper
unit volume, that is the strain energy density, resulting from
the Elastodynamics of the Spacetime Continuum. We then
calculatethestrainenergydensityoftheelectromagneticﬁeld
from the electromagnetic energy-momentumstress tensor.
2 Strain energy density of the spacetime continuum
The strain energy density of the spacetime continuum is a
scalar given by [4, see p.51]
E =
1
2
Tαβεαβ (1)
where εαβ is the strain tensor and Tαβ is the energy-moment-
um stress tensor. Introducing the strain and stress deviators
from (12) and (15) respectively from Millette [2], this equa-
tion becomes
E =
1
2
 
tαβ + tgαβ  
eαβ + egαβ
 
. (2)
Multiplying and using relations eα
α = 0 and tα
α = 0 from the
deﬁnition of the strain and stress deviators, we obtain
E =
1
2
 
4te + t
αβeαβ
 
. (3)
Using (11) from [2] to express the stresses in terms of the
strains, this expression becomes
E =
1
2
κ0ε2 +  0eαβeαβ (4)
where the Lam´ e elastic constant of the spacetime continuum
 0 is the shear modulus (the resistance of the continuum to
distortions) and κ0 is the bulk modulus (the resistance of the
continuum to dilatations). Alternatively, again using (11)
from [2] to express the strains in terms of the stresses, this
expression can be written as
E =
1
2κ0
t
2 +
1
4 0
t
αβtαβ. (5)
3 Physical interpretation of the strain energy density
The strain energydensity is separatedinto two terms: the ﬁrst
one expresses the dilatation energy density (the “mass” lon-
gitudinal term) while the second one expresses the distortion
energy density (the “massless” transverse term):
E = E  + E⊥ (6)
where
E  =
1
2
κ0ε2 ≡
1
2κ0
t2 (7)
and
E⊥ =  0eαβeαβ ≡
1
4 0
tαβtαβ. (8)
Using (10) from [2] into (7), we obtain
E  =
1
32κ0
 
ρc2 2
. (9)
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The rest-mass energydensity divided by the bulk modulus κ0,
and the transverse energy density divided by the shear modu-
lus  0, have dimensions of energy density as expected.
Multiplying (5) by 32κ0 and using (9), we obtain
32κ0 E = ρ2c4 + 8
κ0
 0
tαβtαβ. (10)
Noting that tαβtαβ is quadratic in structure, we see that this
equation is similar to the energyrelation of Special Relativity
[5, see p.51] for energy density
ˆ E2 = ρ2c4 + ˆ p 2c2 (11)
where ˆ E is the total energydensity and ˆ p the momentumden-
sity.
The quadratic structure of the energy relation of Special
Relativity is thus found to be present in the Elastodynamics
of the Spacetime Continuum. Equations (10) and (11) also
imply that the kinetic energy pc is carried by the distortion
part of the deformation, while the dilatation part carries only
the rest mass energy.
This observation is in agreement with photons which are
massless (E  = 0), as will be shown in the next section, but
still carry kinetic energy in the transverse electromagnetic
wave distortions (E⊥ = tαβtαβ/4 0).
4 Electromagnetic strain energy density
The strain energy density of the electromagnetic energy-mo-
mentum stress tensor is calculated. Note that Rationalized
MKSA or SI (Syst` eme International) units are used in this
paper as noted previously in [3]. In addition, the electromag-
netic permittivity of free space ǫem and the electromagnetic
permeability of free space  em are written with “em” sub-
scripts as the “0” subscripts are used in the spacetime con-
stants. This allows us to diﬀerentiate between  em and  0.
Startingfrom the symmetricelectromagneticstress tensor
[6, see pp.64–66]
Θ
 ν =
1
 em
 
F
 
αF
αν +
1
4
g
 νF
αβFαβ
 
≡ σ
 ν, (12)
with g ν = η ν of signature (+---), and the ﬁeld-strength
tensor components [6, see p.43]
F ν =

                 
0 −Ex/c −Ey/c −Ez/c
Ex/c 0 Bz −By
Ey/c −Bz 0 Bx
Ez/c By −Bx 0

                 
(13)
and
F ν =

                 
0 Ex/c Ey/c Ez/c
−Ex/c 0 Bz −By
−Ey/c −Bz 0 Bx
−Ez/c By −Bx 0

                 
, (14)
we obtain [6, see p.66] [7, see p.141],
σ00 = 1
2
 
ǫemE2 + 1
 em B2 
= 1
2ǫem
 
E2 + c2B2 
σ
0j = σj0 = 1
c em (E × B)j = ǫemc(E × B)j = 1
cS j
σjk = −
 
ǫemE jEk + 1
 em BjBk 
+ 1
2δjk  
ǫemE2 + 1
 em B2 
= −ǫem
  
E jEk + c2BjBk 
− 1
2δjk  
E2 + c2B2  
(15)
where S j is the Poynting vector, and where we use the nota-
tion σ ν ≡ Θ ν as a generalization of the σij Maxwell stress
tensor notation. Hence the electromagnetic stress tensor is
given by [6, see p.66]:
σ
 ν =

                 
1
2ǫem(E2+c2B2) S x/c S y/c S z/c
S x/c −σxx −σxy −σxz
S y/c −σyx −σyy −σyz
S z/c −σzx −σzy −σzz

                 
, (16)
where σij is the Maxwell stress tensor. Using the relation
σαβ = ηα ηβνσ ν to lower the indices of σ ν, we obtain
σ ν =

                 
1
2ǫem(E2+c2B2) −S x/c −S y/c −S z/c
−S x/c −σxx −σxy −σxz
−S y/c −σyx −σyy −σyz
−S z/c −σzx −σzy −σzz

                 
. (17)
4.1 Calculation of the longitudinal (mass) term
The mass term is calculated from (7) and (17) of [2]:
E  =
1
2κ0
t
2 =
1
32κ0
(σ
α
α)
2. (18)
The term σα
α is calculated from:
σα
α = ηαβσαβ
= ηα0σα0 + ηα1σα1 + ηα2σα2 + ηα3σα3
= η00σ00 + η11σ11 + η22σ22 + η33σ33.
(19)
Substituting from (16) and the metric η ν of signature
(+---), we obtain:
σ
α
α =
1
2
ǫem
 
E
2 + c
2B
2 
+ σxx + σyy + σzz. (20)
Substituting from (15), this expands to:
σα
α = 1
2 ǫem
 
E2 + c2B2 
+ ǫem
 
Ex
2 + c2Bx
2 
+
+ǫem
 
Ey
2 + c2By
2 
+ ǫem
 
Ez
2 + c2Bz
2 
−
−3
2 ǫem
 
E2 + c2B2 
(21)
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and further,
σα
α = 1
2 ǫem
 
E2 + c2B2 
+ ǫem
 
E2 + c2B2 
−
−3
2 ǫem
 
E2 + c2B2 
.
(22)
Hence
σ
α
α = 0 (23)
and, substituting into (18),
E  = 0 (24)
as expected [6, see pp.64–66]. This derivation thus shows
that the rest-mass energy density of the photon is 0.
4.2 Calculation of the transverse (massless) term
The transverse term is calculated from (8), viz.
E⊥ =
1
4 0
tαβtαβ. (25)
Given that t = 1
4 σα
α = 0, then tαβ = σαβ and the terms
σαβσαβ are calculated from the components of the electro-
magnetic stress tensors of (16) and (17). Substituting for the
diagonal elements and making use of the symmetry of the
Poynting component terms and of the Maxwell stress tensor
terms from (16) and (17), this expands to:
σαβσαβ = 1
4 ǫ2
em
 
E2 + c2B2 2
+
+ǫ2
em
  
ExEx + c2BxBx
 
− 1
2
 
E2 + c2B2  2
+
+ǫ2
em
  
EyEy + c2ByBy
 
− 1
2
 
E2 + c2B2  2
+
+ǫ2
em
  
EzEz + c2BzBz
 
− 1
2
 
E2 + c2B2  2
−
−2
 
S x/c
 2
− 2
 
S y/c
 2
− 2
 
S z/c
 2
+
+2(σxy)2 + 2(σyz)2 + 2(σzx)2.
(26)
The E-B terms expand to:
EBterms = ǫ2
em
 
1
4
 
E2 + c2B2 2
+
+
 
Ex
2 + c2Bx
2 2
−
 
Ex
2 + c2Bx
2  
E2 + c2B2 
+
+
 
Ey
2 + c2By
2 2
−
 
Ey
2 + c2By
2  
E2 + c2B2 
+
+
 
Ez
2 + c2Bz
2 2
−
 
Ez
2 + c2Bz
2  
E2 + c2B2 
+
+3
4
 
E2 + c2B2 2  
.
(27)
Simplifying,
EBterms = ǫ2
em
  
E2 + c2B2 2
−
 
Ex
2 + c2Bx
2+
+Ey
2 + c2By
2 + Ez
2 + c2Bz
2  
E2 + c2B2 
+
+
 
Ex
2 + c2Bx
2 2
+
 
Ey
2 + c2By
2 2
+
+
 
Ez
2 + c2Bz
2 2  
(28)
which gives
EBterms = ǫ2
em
  
E2 + c2B2 2
−
 
E2 + c2B2 2
+
+
 
Ex
2 + c2Bx
2 2
+
 
Ey
2 + c2By
2 2
+
+
 
Ez
2 + c2Bz
2 2  
(29)
and ﬁnally
EBterms = ǫ2
em
  
Ex
4 + Ey
4 + Ez
4 
+
+c4  
Bx
4 + By
4 + Bz
4 
+
+2c2  
Ex
2Bx
2 + Ey
2By
2 + Ez
2Bz
2  
.
(30)
Including the E-B terms in (26), substituting from (15), ex-
panding the Poynting vector and rearranging, we obtain
σαβσαβ = ǫ2
em
  
Ex
4 + Ey
4 + Ez
4 
+ c4 
Bx
4 + By
4+
+Bz
4 
+ 2c2  
Ex
2Bx
2 + Ey
2By
2 + Ez
2Bz
2  
−
−2ǫ2
emc2
  
EyBz − EzBy
 2
+ (−ExBz + EzBx)2 +
+
 
ExBy − EyBx
 2  
+ 2ǫ2
em
  
ExEy + c2BxBy
 2
+
+
 
EyEz + c2ByBz
 2
+
 
EzEx + c2BzBx
 2  
.
(31)
Expanding the quadratic expressions,
σαβσαβ = ǫ2
em
  
Ex
4 + Ey
4 + Ez
4 
+ c4 
Bx
4 + By
4+
+Bz
4 
+ 2c2  
Ex
2Bx
2 + Ey
2By
2 + Ez
2Bz
2  
−
−2ǫ2
emc2
 
Ex
2By
2 + Ey
2Bz
2 + Ez
2Bx
2 + Bx
2Ey
2+
+By
2Ez
2 + Bz
2Ex
2 − 2
 
ExEyBxBy + EyEzByBz+
+EzExBzBx
  
+ 2ǫ2
em
  
Ex
2Ey
2 + Ey
2Ez
2+
(32)
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+Ez
2Ex
2 
+ 2c2  
ExEyBxBy + EyEzByBz+
+EzExBzBx
 
+ c4  
Bx
2By
2 + By
2Bz
2 + Bz
2Bx
2  
Grouping the terms in powers of c together,
1
ǫ2
em
σαβσαβ =
  
Ex
4 + Ey
4 + Ez
4 
+ 2
 
Ex
2Ey
2+
+Ey
2Ez
2 + Ez
2Ex
2  
+ 2c2
  
Ex
2Bx
2 + Ey
2By
2+
+Ez
2Bz
2 
−
 
Ex
2By
2 + Ey
2Bz
2 + Ez
2Bx
2 + Bx
2Ey
2+
+By
2Ez
2 + Bz
2Ex
2 
+ 4
 
ExEyBxBy + EyEzByBz+
+EzExBzBx
  
+ c4
  
Bx
4 + By
4 + Bz
4 
+
+2
 
Bx
2By
2 + By
2Bz
2 + Bz
2Bx
2  
.
(33)
Simplifying,
1
ǫ2
em
σ
αβσαβ =
 
Ex
2 + Ey
2 + Ez
2 2
+
+2c2  
Ex
2 + Ey
2 + Ez
2  
Bx
2 + By
2 + Bz
2 
−
−2c2
 
2
 
Ex
2By
2 + Ey
2Bz
2 + Ez
2Bx
2+
+Bx
2Ey
2 + By
2Ez
2 + Bz
2Ex
2 
− 4
 
ExEyBxBy+
+EyEzByBz + EzExBzBx
  
+ c4  
Bx
2 + By
2 + Bz
2 2
(34)
which is further simpliﬁed to
1
ǫ2
em
σ
αβσαβ =
 
E
4 + 2c
2E
2B
2 + c
4B
4 
−
−4c2
  
EyBz − ByEz
 2
+ (EzBx − BzEx)2 +
+
 
ExBy − BxEy
 2  
.
(35)
Making use of the deﬁnition of the Poynting vector from
(15), we obtain
σαβσαβ = ǫ2
em
 
E2 + c2B2 2
−
−4ǫ2
emc2  
(E × B)x
2 + (E × B)y
2 + (E × B)z
2  (36)
and ﬁnally
σαβσαβ = ǫ2
em
 
E2 + c2B2 2
−
4
c2
 
S x
2 + S y
2 + S z
2 
. (37)
Substituting in (25), the transverse term becomes
E⊥ =
1
4 0
 
ǫ2
em
 
E2 + c2B2 2
−
4
c2 S 2
 
(38)
or
E⊥ =
1
 0
 
Uem
2 −
1
c2 S
2
 
(39)
where Uem = 1
2 ǫem (E2 + c2B2) is the electromagnetic ﬁeld
energy density.
4.3 Electromagnetic ﬁeld strain energy density and the
photon
S is the electromagnetic energy ﬂux along the direction of
propagation [6, see p.62]. As noted by Feynman [8, see
pp.27-1–2], local conservation of the electromagnetic ﬁeld
energy can be written as
−
∂Uem
∂t
= ∇   S, (40)
where the term E  j representingthe work done on the matter
inside the volume is 0 in the absence of charges (due to the
absence of mass [3]). By analogy with the current density
four-vector jν = (c̺, j), where ̺ is the chargedensity,and j is
the currentdensity vector,which obeysa similar conservation
relation, we deﬁne the Poynting four-vector
S
ν = (cUem,S), (41)
where Uem is the electromagnetic ﬁeld energy density, and S
is the Poynting vector. Furthermore, as per (40), S ν satisﬁes
∂νS
ν = 0. (42)
Using deﬁnition (41) in (39), that equation becomes
E⊥ =
1
 0c2 S νS
ν. (43)
The indeﬁniteness of the location of the ﬁeld energy referred
to by Feynman [8, see p.27-6] is thus resolved: the elec-
tromagnetic ﬁeld energy resides in the distortions (transverse
displacements) of the spacetime continuum.
Hence the invariant electromagnetic strain energy density
is given by
E =
1
 0c2 S νS
ν (44)
where we have used ρ = 0 as per (23). This conﬁrms that S ν
as deﬁned in (41) is a four-vector.
It is surprising that a longitudinalenergy ﬂow term is part
of the transverse strain energy density i.e. S 2/ 0c2 in (39).
We note that this term arises from the time-space components
of (16) and (17) and can be seen to correspond to the trans-
verse displacements along the time-space planes which are
folded along the direction of propagation in 3-space as the
Poynting vector. The electromagnetic ﬁeld energy density
term Uem
2/ 0 and the electromagnetic ﬁeld energy ﬂux term
S 2/ 0c2 are thus combined into the transverse strain energy
density. The negative sign arises from the signature (+---)
of the metric tensor η ν.
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This longitudinal electromagnetic energy ﬂux is massless
as it is due to distortion, not dilatation, of the spacetime con-
tinuum. However, because this energy ﬂux is along the direc-
tionofpropagation(i.e. longitudinal),itgivesrisetotheparti-
cle aspect of the electromagnetic ﬁeld, the photon. As shown
in [9, see pp.174-5] [10, see p.58], in the quantum theory of
electromagnetic radiation, an intensity operator derived from
the Poynting vector has, as expectation value, photons in the
direction of propagation.
This implies that the (pc)2 term of the energy relation of
Special Relativity needs to be separated into transverse and
longitudinal massless terms as follows:
ˆ E
2 = ρ
2c
4
    
E 
+ ˆ p
2
 c
2 + ˆ p
2
⊥c
2
                      
massless E⊥
(45)
where ˆ p  is the massless longitudinal momentum density. E-
quation (39) shows that the electromagnetic ﬁeld energy den-
sity term Uem
2/ 0 is reduced by the electromagnetic ﬁeld en-
ergy ﬂux term S 2/ 0c2 in the transverse strain energy den-
sity, due to photons propagatingin the longitudinal direction.
Thus the kinetic energy is carried by the distortion part of the
deformation, while the dilatation part carries only the rest-
mass energy, which in this case is 0.
As shown in (9), (10) and (11), the constant of propor-
tionality to transform energy density squared ( ˆ E2) into strain
energy density (E) is 1/(32κ0):
E  =
1
32κ0
 
ρc
2 2
(46)
E =
1
32κ0
ˆ E2 (47)
E⊥ =
1
32κ0
 
ˆ p2
 c2 + ˆ p2
⊥c2 
=
1
4 0
tαβtαβ. (48)
Substituting (39) into (48), we obtain
E⊥ =
1
32κ0
 
ˆ p2
 c2 + ˆ p2
⊥c2 
=
1
 0
 
Uem
2 −
1
c2 S 2
 
(49)
and
ˆ p2
 c2 + ˆ p2
⊥c2 =
32κ0
 0
 
Uem
2 −
1
c2 S 2
 
(50)
This suggests that
 0 = 32κ0, (51)
to obtain the relation
ˆ p
2
 c
2 + ˆ p
2
⊥c
2 = Uem
2 −
1
c2 S
2. (52)
5 Discussion and conclusion
In this paper, we have analyzed the strain energy density of
the spacetime continuum in STCED and evaluated it for the
electromagnetic stress tensor. We have found that the strain
energy density is separated into two terms: the ﬁrst one ex-
presses the dilatation energy density (the “mass” longitudinal
term) while the second one expresses the distortion energy
density (the “massless” transverse term). We have found that
the quadratic structure of the energy relation of Special Rel-
ativity is present in the strain energy density of the Elasto-
dynamics of the Spacetime Continuum. We have also found
that the kinetic energy pc is carried by the distortion part of
the deformation, while the dilatation part carries only the rest
mass energy.
We have calculated the strain energy density of the elec-
tromagnetic energy-momentum stress tensor. We have found
that the dilatation longitudinal (mass) term of the strain en-
ergy density and hence the rest-mass energy density of the
photon is 0. We have found that the distortion transverse
(massless) term of the strain energy density is a combina-
tion of the electromagneticﬁeld energy density term Uem
2/ 0
and the electromagnetic ﬁeld energy ﬂux term S 2/ 0c2, cal-
culated from the Poynting vector. This longitudinal electro-
magnetic energy ﬂux is massless as it is due to distortion,
not dilatation, of the spacetime continuum. However, be-
cause this energy ﬂux is along the direction of propagation
(i.e. longitudinal), it gives rise to the particle aspect of the
electromagnetic ﬁeld, the photon.
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